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A FORTRAN COMPUTER PROGRAM FOR CALCULATING THE
PROLATE SPHEROIDAL RADIAL FUNCTIONS OF THE FIRST

AND SECOND KIND AND THEIR FIRST DERIVATIVES

INTRODUCTION

The solutions ab= R(e)S(q)D(cp) of the Helmholtz wave equation (v 2 Vk2)(f 7 (,)=o
in prolate spheroidal coordinates , q P can be obtained by the technique of the separa-
tion of variables. The computer program PRAD calculates numerical values to the solu-
tions of the resulting ordinary differential equation for the "radial" coordinate f. Spe-
cifically, radial functions of the first and second kinds RI(,12 ) (h, A), along with their
first derivatives d (Ri (2 ( 2 ) (h, f)) /de are numerically calculated from eigenfunction
expansions in spherical Bessel and associated Legendre functions.

Prolate spheroidal wave functions have been applied to the following problems:
spheroidal antennas, scattering of acoustic and electromagnetic waves, and the electro-
magnetic resonant behavior of certain spheroidal cavities. For an extensive list of ref-
erences on applications of spheroidal wave functions, the reader is directed to Ref. 1.

The two independent solutions of the radial equation R(')( ) and R(2 )( ) are char-
acterized by four parameters, 6 (called X), M, H, and L. M is the separation constant
integer relating to the solution for the rotational angle p. H is equal to kd/2, where d
is the interfocal distance, and k is the propagation constant or wave vector magnitude
27 a. For each choice of M, X, and H there will be a set of solutions to the radial equa-
tion, each solution characterized by a separation constant or eigenvalue A. These eigen-
values are ordered in an ascending sequence and labeled with integers L, beginning with
L = M for the smallest eigenvalue and continuing with L = M + 1, L = M + 2, etc. For
each choice of M, X, H, and L there will then be two independent radial functions.

Operationally the program PRAD first sets M and X and calculates Legendre func-
tions if they are needed. Then H is chosen and for each L desired, the eigenvalue A, the
expansion constants, and finally the two radial functions and their first derivatives are
calculated. Spherical Bessel functions are calculated when needed.

INPUT

The input consists of three data cards.

Card No. 1 has format 615. It provides the six integer variables Ml, IDM, NM, LI,
IDL, and NL, where

Ml = the initial value of M desired

IDM = the increment on M used to generate other values of M

NM = the total number of M's desired

LI = the initial value of L desired
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IDL = the increment on L used to generate other values of L PA

NL = the total number of L's desired. (

Each variable must be set flush right in its five spaces.

Card No. 2 has format 2D20.10, 15. This card provides the variables ZI, DX, and
NX, where

Z1 is a double-precision, floating-point number placed in columns I to 20 and equals
the initial value of X desired minus 1

DX is a double-precision, floating-point number placed in columns 21 to 40 and
equals the increment on X

NX is an integer and is placed flush right in columns 41 to 45 and equals the total val
number of X's desired. M

Card No. 3 has format identical with that of Card No. 2 and provides the variables cr(
H1, DH, and NH, where

In
H1 = the initial value of H desired

DH = the increment on H rin
cal

NH = the total number of H's desired (NH - 40). for

Incrementation of the various parameters is accomplished with nested loops in
PRAD. L is the innermost loop, H is next, X is outside H, and M is the outermost loop. cc

OUTPUT

The output is in the form of the tabulation contained in Appendix A. Each page pro- pr
vides numerical values for particular choices of M, H, and X. The numerical values
consist of the radial functions of the first and second kind Ri and R2, their first deriva-
tives RiD and R2D, and the eigenvalue for all choices of L requested. Only 18 significant SO
figures are printed in the tables, although 26 figures are used in the computation.

The column headed by ACC represents an accuracy check for the radial functions Se
and their derivatives. This check is obtained by comparing the theoretical value of the
Wronskian 1/[H(X+ 1)(X - 1)] to the calculated value Rl*R2D - RlD*R2. The accuracy or
number ACC defined in line 4980 of PRAD (see Appendix B) is the number of digits (±1 l
digit) that agree in the two methods of calculating the Wronskian. The number ACC in-
dicates in terms of significant digits the accuracy of the least accurate of the four num-
bers R (l), dR(')/d6, R(2), dR(2 )/d6 when the exponents of the two products R(1)(dR( 2 )'d0 (
and R (2) (dR (M)/d6) in the calculated Wronskian are equal and in turn equal the exponent of
the theoretical Wronskian. When the exponents of the two products differ, the calculated
value of the Wronskian will be more sensitive to the product with the larger exponent- In,
this case, the accuracy of the least accurate of the two numbers forming the other product
may be less than ACC by the difference in exponents of the two products. However, ACC
still represents a lower bound on the accuracy of both numbers in the product with the
larger exponent. w

Since the Wronskian check is independent of the eigenvalue, the value of ACC is di:
meaningless if Am 2 (h) is incorrect. Examination of successive eigenvalues for mono°
tonicity and uniform spreading is a helpful check on their correctness. Checks on all
computations to date show that for ranges discussed in the next section, PRAD always
delivers the correct eigenvalue accurate to at least 21 significant figures.
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PARAMETER RANGES AND ACCURACY

This program has been run for values of the parameters within the following ranges:

M = 0 through 12

X = 1.00000001 through 500 and the special case X = 1, M = 0

H = 0.1 through 80

L = M through M + 49.

Appendix C gives various degrees of accuracy (i.e., values of ACC) for particular
values of the parameters. In general, there is little effect on accuracy with increasing
M except at high H (H > 30), where accuracy increases for low eigenvalues as M in-
creases.

The value of X has almost no effect on accuracy except when X is very close to 1.
In this case, as can be seen from Appendix C, lower accuracy is obtained for high L.

The effect of H on accuracy is quite significant as H becomes large. Again refer-
ring to Appendix C, it is seen that at large H (H > 40), subtraction errors introduced in
calculations of the radial functions result in low accuracy for low values of L, whereas
for high values of L good accuracy is obtained.

COMPUTATION TIME

When using the NRL CDC 3800, the compilation time of PRAD is about 1 min. The
execution time varies, but the average time will be about 0.5 second for each line of
printout if all 50 values of L are requested.

SOLUTION OF THE HELMHOLTZ EQUATION

Separation in Spheroidal Coordinates

Ordinates by the transformation

dx = - (1 2)( 2.- 1) cos w

Y = 2 q/1-72)($2 -- 1) sin (p (l)
2

d
Z -2 17'

2

where -1 s 1, 1 s < a and 0 < T s 27T as on Fig. 1, and d denotes the interfocal
distance.
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Fig. 1 - The prolate spheroidal coordinate system

The surface 6 = 6,, 6, > 1, is an elongated ellipsoid of revolution having major
axis df and minor axis d 2 - 6 = 1 represents a straight line along the z axis
from -d/2 to d/2. The surface I ,I = 7 0 10 < 1 is a hyperboloid of revolution of two
sheets with an asymptotic cone whose generating line passes through the origin. 1771 = 1

is that part of the z axis for which I zJ > d/2. The surface P = constant is a plane
through the z axis making the angle p with the x z plane.

The Helmholtz equation (V2 + k2 ) a = o written in prolate spheroidal coordinates is

( _21) a + 62 - 2 a + 2 W - 2 1 (5 6,) = , (2)
L? dn a df( 68 (62 - 1 ) (1 - X 2) )dp 2

where h = kd/2, k = 27r/A, and x = wavelength of sound in the medium. Separation of
variables yields

(3)

where

S ,

I

4
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|21)dR - [A -h 2 2 + - ] _ (4a)

t - [(1- 712) dj]+ [A - h 2- 1 -n2] (4b)

_ + m2s = 0 dp2 ~~~~~~~~~~~~~~~~(4c)

If h-O, Eq. (4b) reduces to the standard differential equation for associated Legen-
dre polynomials whose eigenvalues are A = e (e + 1), e = m) m + 1, . . ., where m is a
nonnegative integer. When h = 0, the separation constant A depends on ma, P and h and
Eqs. (4a) and (4b) have nontrivial convergent solutions for eigenvalues A = Am, (h). For
each choice of m, h, A, and 77 there will be a set of solutions to the radial and angle
equations (Eqs. (4a) and (4b)), each solution characterized by a particular value of A.

The two independent solutions of Eq. (4a) and Eq. (4b) define the radial functions of
the first and second kind R(' ) and R( 2 ) and the angle functions of the first and second
kind S(C) and S(2), respectively.

Radial Functions of the First Kind

The solutions S(l) (the angle function of the first kind) can be expressed in the form
of an expansion in terms of associated Legendre functions as follows:

SC')(h,7) = d,(h-m,P) 'm+n()' (5)

n0O, 1 

where dn is an expansion coefficient and Pm,+,(7o) is an associated Legendre function of
the first kind. The prime sign on the sum means that n = 0,2,4,. . . if (P-rm) is even and
that n = 1,3,5,... if ( -rn) is odd.

Calculations of the dn constants are discussed in the fourth section.

It can be shown that Eqs. (4a) and (4b) are identical except for range of argument.
Using the general principle that one solution of the scalar wave equation in a given co-
ordinate system is a suitable kernel for the integral representation of a second solution
and making necessary substitutions (Ref. 2), we show that R( 1) the radial function of the
first kind can be written in the form

(P-i)! jn ', Y d~h P (n + 2m)!| R(1)(h, () = ) 1n(hm,) ( jn+.(h() (6)

where jn+i(h6) is a spherical Bessel function and i\ (Ref. 3).

The first derivative of R( 1) with respect to the radial coordinate 6 is evaluated
using the following standard recursion formula for spherical Bessel functions:
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d(2r+1) do i,(f) = r jr, (f) - (r + 1) jr+1(6)

r~~~~~~~~~~~~~~~~~~~
<( ( f 2 ) n 1f

n=O, I

(r+[22 (n + m) + fljn+m-, (h6)
[ 2(n+m) + 1

n + m + 1
2(n+ m) + 1 in+m+ (h6)]

in+m-2 dn(hjmP) (n +2m)! j-+(h) (8)
+ f3 ( o2 ) E

n=O I

When X = 1, Ro'R)(he) and d(R 1) (h, ))/de are calculated by special formulas
found in Ref. la. R 2

2 )(h, 6) is undefined at X = 1.

The Radial Function of the Second Kind

The radial function of the second kind R(2 )(h, e) may similarly be expanded but this
time in terms of spherical Neumann functions. Thus we have (Ref. 2)

Rm 2)(6) = ( -+m)! (2 1 2) X

nO' I

in+m-Q dn(h Imf) (n + 2m)! Ynm(h) 
n!

(9P

where y,+,(hf) is a spherical Neumann function (Ref. 3). The d, constants are the
same for RM) and R( 2 ).

The first derivative of R(2) with respect to 6 is evaluated using an equation analo-
gous to Eq. (7). The result is

do Rm £)(hX() = (P - m)!~1eM, (P + in)!

h Vi-) /

2
n=o, 1

in d(hjmf) (n! [ 2(n+ ) + 1 (nYn+m-.(he) (0)

6

The result is

d Rm,)(h, ) = (P - n)!
de mRrh = (P + m)!

(7)

'I

in+M-2 dn(hlmf)
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.n + m + 1

2(n+ ) + 1 Y mii d ))in M (eln idm- m (n + 2n!ymh )(0

=Io, 1

Since Eq. (9) contains Neumann functions which-are singular at the origin, its use-
fulness is limited to large values of he. An alternate method is necessary to obtain the
radial function of the second type when he is small. It is shown (Ref. lb) that R(2) can
be represented in terms of associated Legendre functions as follows:

| R(2_)(_) =) dn QTn(e) + d1Pn__( (11)
.=-2., ~~~~=2m+2

L_-2 I2+1 +1

Here P,"m!-1 and Qmm+. are associated Legendre functions of the first and second kinds,
respectively (Ref. 4 and 5). The dn constants are the same as those used in R(1).
Calculation of the d, constants for n < 0 and the dpl, constants is given in Ref. 6.

K 2 2)(h) is a constant of proportionality between R( 2 ) and S(2). Its formula can be
obtained from formulas given in Ref. ic.

The derivative of R ") (h, f) with respect to f is obtained by the use of recursion
relations for derivatives of the associated Legendre functions. The result is

Qn' (6)

2,+ (i + n)(n - i m l i f m>

+ dp/nL (12)
n2m+2 .
2m+1

Calculation of Eigenvalues and dn Constants

Substitution of Eq. (5) into Eq. (4b) with use of the associated Legendre differential
equation and recursion formulas for the associated Legendre functions results in the fol-
1°wing recursion formula between three different d's:
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(2m+ n+ 2)(2m+ n+ 1) h2 dn+,(hlnF)
(2m + 2n + 3 )(2mn + 2n + 5)

r 2(m+n)(m+n+ 1) - 2m2 - 1

+ (2m+ 2n-1)(2m +2n+3)

n(n- 1) h2

+ d (him,P) = 0, n > 0 .(2m + 2n -3)(2m + 2n - 1) fl2
(13)

Examination of Eq. (13) shows that as n-co either dn/d"_ 2 increases as -4n2/h2 or goes
to zero as -h2/(4n2 ). To ensure a convergent series we choose the latter, i.e., we re-
quire that

lim - -0
nTs in- 2

The dn constants are normalized in this report by the equation

(P +im)!

(P -m)!(14)

n=O, I

The requirement

dn
lrn -. 0
n,. d. 2

enables us to obtain the following equations:

NIm =

Yn - A ,(h) + Nn
(n > 2) (15)

(16)Nm / _n O-2
Nn = -2 + Am, Q (h) -N , (n > 4)

n-2

N~m = ym + Amg(h), N3m = _m t Am h\ (h)

ynm = (m+ n)(m +n + 1) + - h2 1 -

m _ n(n- 1)(2m+ n) (2m+n - 1) h4

Pn - (2m+2n- 1)2 (2m +2n-3)(2m+2n+1) '

(2m+n)(2m+n- 1) h2 dI(hI m,P)

n (2m+ 2n- 1) (2m + 2n + 1) dn_ 2 (h nh,P )

with

where

(17)

4m2 - 1 1 n > 0
(2m + 2n - 1)(2m + 2n + 3) 0

(18a)

n > 2, (18b)

(18c)
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The correct value of Am,, (h) is calculated using Eqs. (15) through (17) by a variational
method due to Bouwkamp (Ref. Id) which, however, requires an initial approximation for
A., (h).

An accurate first approximation for Am,, (h) for a given m, P, and h is obtained by
a matrix method whose detailed description is given in Ref. 7. Briefly, an equation
similar to Eq. (13) is derived using normalized associated Legendre functions. Written
in matrix form the equation is

[B][d] = A[d] (19)

where [B] is an infinite square symmetric matrix depending on m and h, [d] is a vector
representation of the d, constants with respect to normalized associated Legendre func-
tions, and A is an unknown eigenvalue. The eigenvalues of [B] when arranged in a mono-
tonically increasing sequence are the eigenvalues Amv(h), P = m, m + 1 ... used in
Eqs. (15) through (17).

In actual practice matrices of modest proportions yield starting values quite suffi-
cient for use in the Bouwkamp method. A matrix of order 50 provides good starting
values for Am, (h), a m, m + i ... m + 49 when h < 10. As h increases, the order of
the matrix must also be increased to maintain good starting values for the 50 lowest
eigenvalues. The largest matrix used in PRAD is of order 90, which provides 50 good
starting values for h = 80.

THIE COMPUTER PROGRAM PRAD

The Fortran IV computer program PRAD used to calculate the prolate radial func-
tions of the first and second kinds, their derivatives, and the associated eigenvalues is
listed in Appendix B. PRAD was written in Fortran for the CDC 3800 computer at NRL
and uses double-precision arithmetic. Double-precision numbers in this machine have
26 decimal digits, and the magnitude of numbers permitted is 103°7 to 10307.

Symbols Used in PRAD

The symbols used in the CDC 3800 computer for the PRAD program are as follows:

M = parameter m

L = parameter P

H = parameter h

X = variable 6

CL = eigenvalue Am,,,(h)

Rl = radial function of the first kind

R2 = radial function of the second kind

R1D = derivative of the radial function of the first kind

R2D = derivative of the radial function of the second kind.

iI
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Special Functions

PRAD requires these special functions: (a) integer factorials, (b) associated Legen-
dre functions, and (c) spherical Bessel functions.

The first 295 integer factorials are calculated in lines 180 through 230 of PRAD (see
Appendix B). Scaling is necessary to prevent overflow.

Associated Legendre functions of the first and second kinds with nonnegative sub-
scripts are obtained from subroutine CALCPQ which is called in lines 410 through 460.
Given a value of M and X, CALCPQ calculates Pm (X) and Qnm(X) for n = 0, 1, .. . , 140.
Pnm(X) are calculated by means of a hypergeometric series (Ref. 5), while Qnm(x) are cal-
culated by an expansion in P7m(x) (Ref. 5) for X • 1.001 and by a hypergeometric series
(Ref. 4) for X > 1.001. Associated Legendre functions of the second kind with negative
subscripts are calculated by means of a standard recursion relation in subroutine CALNQ
which is called in lines 2640 through 2660. The number of functions calculated in CALNQ
depends upon the value of M. If M = 0, CALNQ is not called. All necessary derivatives
of these functions are calculated in lines 2670 through 2720.

Spherical Bessel functions of the first kind are calculated in subroutine SBESF,
which is called in line 4430. This subroutine calculates the 141 Bessel functions j,(;x),
n = 0, 1, ... , 140 byaseriesexpansioninHXwhenHX < 0.4,byabackward-recursionrela-
tion when 0.4 - HX < 100, and by a forward-recursion relation when HX - 100. Spheri-
cal Bessel functions of the second kind, i.e., spherical Neumann functions, are calculated
in the main program in lines 3730 through 3800. A forward-recursion relation is used
for the Neumann functions. They are scaled by 10- 150. Scaling is done in order that
more terms can be taken in Eqs. (9) and (10).

All special functions are accurate to at least 20 significant figures where they are
used, with the possible exception of the Pnm (X) and Q m(X) for high values of M and N and
low values of X.

Eigenvalues and Expansion Constants

The eigenvalues Am , (h) must be obtained before the d, constants can be calcu-
lated. This is accomplished by the matrix method (see Eq. (19)) in conjunction with
Bouwkamp's method. The matrix [B] is calculated in lines 680 through 770, the order of
the matrix being determined in line 600. Subroutine EIGEN is called in line 780 to obtain
the eigenvalues of [B) . This subroutine calculates the eigenvalues by means of the
Givens tridiagonalization method followed by an iterative procedure based upon the Sturm
sequence property. The eigenvalues are ordered from smallest to largest for use as
starting values in Bouwkamp's method.

Bouwkamp's method is programmed in lines 820 through 1350.

The d, constants are calculated in lines 1360 through 1650 and are stored in array
DLIST. These same d, constants scaled by 10150 are stored in array DLAST. The
scaled d, constants are supplied with the scaled spherical Neumann functions in calcu-
lating terms of Eqs. (9) and (10).

The dp/n constants and d, constants with negative subscripts are calculated in
lines 1980 through 2570 and are only used if R( 2 ) and dR( 2 ),de are calculated by Eqs. (11)
and (12).

Radial Functions

The radial function of the first kind R( 1) and its derivative are calculated from
Eqs. (6) and (8) in lines 4390 through 4950. R(2 ) and its derivative are calculated either

I
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from Eqs. (9) and (10) in lines 3810 through 4320 or from Eqs. (11) and (12) in lines 2580
through 3620. The special formulas used to calculate R( l) and dR(l )/de when X = 1 and
M = 0 are located in lines 1670 through 1920.

Experience has shown that Eqs. (9) and (10) yield greater or lesser accuracy than
Eqs. (11) and (12) depending on the values of H and X. The following table indicates the
method used to calculate R( 2 ) and its derivative in PRAD.
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Range of Parameters 1 Method

1 < X < 1.05 Eqs. (11) and (12)

1.05 < X • 1.3 or H < 0.1 Both (select better result)

1.3 < X and 10 ' H Eqs. (9) and (10)

2 < X and I < H Eqs. (9) and (10)

5 < X and 0.1 < H Eqs. (9) and (10)

X and H outside the above ranges Eqs. (11) and (12)
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Appendix B

COMPUTER LISTING OF PRAD

PROGRAM PRAD 10
TYPE DOUBLE ARRARRAYBAYPBLIST BOOKPBRRAYClOl CFAC. 20
ICL,CORACORBPCWRONPDEDH.DLIDLASTPDLISTPDMPDNDNDO.DNEGDNLGFt 30
2DNFREE DNUMDR.DRFREE DRRATIODX.EAEIGLEMLNRPENRCEYLVFACT. 40
3GLISTHHl.HSQ.PAPER,PL1,PL3,PL4,PL8aPLI2,PLI3,PL17,PLI8,KI 50
4RlDR2*R2D.RATIO.RP2.RR2DSAIL3,SAIL4,SAILIBq 60
5SAIL19,SAIL22,SAIL23,SAIL18aSAIL191iSHIPI1SHIP2,SHIP3t,.HIP4v 70
6SHIP5,SHIP7,SHIP8.SHIP9,SHIPlOSHIPlI SHIP12,SHIP13pSHORESILAND, 80
755UMl SUBSUMsTWRONoUNIVNIWW26,W28,WNXPXISQOXTHZZI 90
DIMENSION A(C100,100)ARRAY(300),EAY(lOC) BLIST(150) BOOK(30C), ico
IBRRAY(250).DLAST(150).DLIST(150)4DM(150)PDN(150)PDNDO(150), l11

2DNEG(30o DR( 10).DRRATIO(100) EIG(100) EIGL(40,80) ENR(I150) 120
3GLIST(150).PAPER(300) RATIQ(30) SHIP1(100)tSHIP2(100), 130
4SHIP3(100)SHIP4(150).SHIP5(150)ISHIP7(150,)SHIP8(150),$H1P9(150), 140
5SHIP10(150) SHIP11(150) SHIP12(150) SHIP13(150) 5HORE(175)) 150
6SILAND(175) 160
COMMON/BLKI/FACT(300) 170
FAC'(I)=i.D 18O
DO 2945 J=2u171 190

2945 FACT(J)=(J-I)*FACTCJ-1) 200
FACT(171)=FACT(171)*i-D-300 210
DO 2950 J=1729296 220

2950 FACT(J)=(J-I)* FACT(J-1) 230
READ 90, Ml, IDM) NMp LI) IDL, NL 240

90 FORMAT (615) 250
READ 919 Zi. DX, NX 260

91 FORMAT (2D20,10,15) 270
READ 91) HIl DH, NH 280
DO I IM = I*NM 290
M = MI + (IM-I)*IDM 300
IF (M.GT*Ll) LI = M 310
NBL = LI + (NL-I)*IDL+I-M 320
EM = M 330
LDK = 0 340
DO I INX = I;NX 350
Z + (INX-1)*DX 360
X = Z + I.D 370
IF (X.EO.I.D) GO TO 3 380
IF ((X.GT.i.3D.AND.Hl.GE.10.D).OR.(X.GT.2.D.AND.Hl.GE.I.U).uR.(X.G 390
IT.5.D.AND.HI.GE..ID)) GO TO 3 400
CALL CALCPO(M.140,Z.SHIPlO.SHIP4) 410
IV2 = M + 1 420
CALL CALCPQ(IV2,140,Z.SHIPIISHIP5) 430
IF (M.EO.O) GO TO 3 440
IVI = M - I 450

CALL CALCPO(IVI.I40sZi'SHIP13*SHIP8) 460
3 DO 2 JNH = 1.NH 470

H = HI + (JNH-I)*DH 480
LRK = 0 490
HSO = H*H 500
PRINT 92 510

92 FORMAT (IH155X*PROLATE RADIAL FUNCTIONS*//) 520
PRINT 93. Hs Xi M 530

17
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18 KING, BAIER, AND HANISH

93 FORMAT (47X3HH =F6.299X3HX =FI2.843X3HM =13//) 540
PRINT 94 550

94 FORMAT (3XIHL13X2HRI23X3HRID22X2HR223X3HR2DI8XIOHEIGENVALUE9X3HACC 560
1/) 570
LCK = LDK 580
IH = H 590
N = XMINOF(50+IH/29100) 600
DO 2 IL = IoNL 610
L = Ll + (IL-I)*IDL 620
IF (LCK.EQ.I) GO TO 4 630
LCK = 1 640 21
DO 31 J = I*N 650 2
DO 31 1 = IsN 660

31 A(I.J) = 0. 670
DO 32 1 = IoN 680
W = I-1.+EM 690

32 A4(1.) = W*(W+1.)+HSQ*(2.*W*(W+1.)-2*EM*EM-1.)/((2.*W-1.)*(2.*w+3. 700

1)) 710 21
NM2 = N-2 720 2
DO 33 1 = I*NM2 730
W = I-l.+EM 740
A(1,1+2) = (HSO/(2.*W+3.))*DSQRTC((W+2.+EM)*(W+I.+EM)*(W+2.-EMI*(w 750
1+1.-EM))/Cl2.*W+5.)*(2.*W+1.))) 760

33 A(1+2s1) = AC1*1+2) 770 2
CALL EIGEN (AEIGNeNBL) 780
DO 34 1 = 1,NBL 790

34 EIGL(JNHI) = EIG(I) 800
4 CL = EIGL(JNH.L+I-M) 810 III

IW6 = (L-M)/2 820
IX = L-M - 2*1W6 830
ISC = 2 + IX 840
LIMI = 278 850
J=l 860 11
DO 13 I=ISCoLIMI,2 870
EYE =1 880
EA = 2.D*EM+2.D*EYE 890
BLIST(J) = (EYE*(EYE-I.D)*(EA-EYE)*CEA-EYE-I.U)*HSO*HSO)/((LA-I.D) 900
i*(EA-I.D)*(EA-3.D)*(EA+I.D)) 910

13 J=J+I 920
J=l 930
ID21 = ISC-I 940
LIMII=LIMI+I 950 16(
DO 14 l=ID21*LIMi192 960
EYE=I-ID 970 12(
EA = EM + EYE 980
GLIST(J) = EA*(EA+I.D)+0.5D*HSO*CII.D)-(4.D*EM*EM-I.D)/((2.D*EA-1. 990 16!
ID)*(2.D*EA+3.D))) 1000

14 J=J+I 1010 16f
IFC=CJ 1020 16
IBLIM = 139 - IX 1030
IGLIM=IBLIM+I 1040
IRI1=IW6+1 1050 121
IWI = IW6+2 1060

17 ENPRI)=CL-GLIST( ) 1070
DO 18 I=I.IW6 1080

18 ENP 1+1)=-BLISTII)/ENR(I)-GLISTI1+1)+CL 1090
ENR(IBLIM)=-BLIST(IBLIM)/(GLIST(IGLIM)-CL) 1100
IW15=IBLIM-1i 1110 5
IP=IWI +IWis 1120

ii

z
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DO 19 I=IWI 'IWiS 1130
IPI=IP-l 1140

19 ENR(IPI)=-BLIST(IPI)/(GLIST(IPI+1)-CL+ENRCIPI+I)) 1150
ENRC=-BLIST(IRIO)/(GLISTCIRIO+1)-CL+ENR(IRIO+p)) 1160
DE = ENRC*ENRC/BLISTIIRIO) 1170
CORB = DE 1180
DO 20 I = IW19IBLIM 1190
DE = ENRCI)*ENR(I)/BLISTCI)*DE 1200
CORB = CORB + DE 1210
IF CDABSCDE/CORB)*LT.I&D-27) GO TO 23 1220

20 CONTINUE 1230
23 CORA = I.D 1240

DE = loD 1250
DO 26 1 = 19IW6 1260
DE = BLISTIRIO-I)/(ENR(IRIO-I)*ENRCIRIO-I))*DE 1270
CORA = CORA + DE 1280
IF CDABS(DE/CORA).LT.I.D-27) GO TO 27 1290

26 CONTINUE 1300
27 DL = (ENRC-ENR(IRIO))/CCORA+CORB) 1310

CL=DL+CL 1320
IF (DAbSCDL/CL).LToloD-24) GO TO 22 1330
IFC=IFC+I 1340
IF IIFC.LT.20) GO TO 17 1350

22 EIGL(JNH.L+1-M) = CL 1360
DO 118 I = 1.IBLIM 1370
ARR IX + 2.0*1 1380
EA 2.D*EM + 2.D*ARR 1390

118 DNDO(I) = (EA-lD)*(EA+1.D)*ENR(I)/((EA-ARR)*(EA-ARR-loD)*HSO) 1400
DN(I) = DNDO(l) 1410
DMII) = DNDOCI)*I.D150 1420
DO 119 J = 291BLIM 1430
DN(J) = DNDO(J)*DN(J-I) 1440

119 DMCJ) = DNDO(J)*DM(J-I) 1450
IW21 = 2*IBLIM 1460
W28 = OD 1470
IWW = 0 1480
IF (MoEO.0) GO TO 165 1490
M2 = 2*M 1500
DO 120 J = ISCiIW212 1510
W26 = I.D 1520
DO 160 K = 1IM2 1530

160 W26 = W26*(J+K) 1540
IWW = IWW + 1 1550

i 120 W28 = W28 + W26*DNCIWW) 1560
GO To 167 1570

165 DO 166 J = ISCIW212 1580
IWW = IWw + 1 1590

166 W28 = W28 + DN(IWW) 1600
167 DLIST(I) = FACT(L+M+I)/FACT(L-M+1)/(W28+FACT(M+M+IX+1)) 1610

DLASTII) = DLISTCI)*1.Dl5O 1620
DO 121 J = 1' IBLIM 1630
DLAST(J+I) = DM(J)*DLISTII) 1640

121 DLIST(J+l) = DNCJ)*DLIST(1) 1650
IF (XoNE.l.D) GO TO 299 1660
IF CM.NE.0) GO TO 59 1665
IF (IX.NE.0) GO TO 51 1670
DNUM = FACTCM+M+I)/FACTCM+1)*DLIST(i) 1680
DO 56 J = 1,48 1690

56 DNUM = FACT(J+J+M+M+1)/C4.D**J*FACT(J+I)*FACTCJ+M+I))*DLIST(J+I) 1700

U'
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20 KING, BAIER, AND HANISH
rprl

I -DNUM 1710
C101 = FACT(L+M+1)/(2.D**(L-M)*FACT(1W6+1)*FACTCCL+M)/2+1)*DNUM) 1720
IF (2*(IW6/2).NE.IW6) C101 = -C101 1730
GO TO 58 1740

51 DNUM = FACT(M+M+2)/FACT(M+1)*DLIST(l) 1750
DO 57 J = 1'48 1760

57 DNUM = FACT(J+J+M+M+3)/(2.D**(J+J+I)*FACT(J+I)*FACT(J+M+2))*DLISTC 1770
IJ+I) DNUM 1780
C101 FACTCL+M+2)/(2.D**(L-M)*FACT(1W6+1)*FACT((L+M+i)/2+1)*DNUM) 1790
IF (2*(1W6/2).NE*IW6) C101 = -ClOl 1800 3

58 DLIST(I) = DLIST(I)*CIOI 1810
IF (IX*NE*O) GO TO 40 1820
RI = 2.D**L/FACT(L+l)*FACT(L/2+1)**2*DLIST(l) 1830
GO TO 41 1840

40 RI = 2.D**L*H/(3.D*FACT(L+2))*FACT((L-1)/2+1)*FACT(CL+1)/2+1)* 1850
1DLIST(I) 1860

41 SUBSUM = O.D 1870
J = 1 1880
DO 53 1 = IX*LIMI*2 1890
SUBSUM = SUBSUM + I*(I+i*D)*DLIST(J) 1900

53 J = J + 1 1910
RID = Rl*SUBSUM/2.D 1920
PRINT 50. LoRIR1DCL 1930

50 FORMAT (lXI3slX2D25oI7*50XD25*I7) 1940
GO To 59 1950

299 IF C(X.GT.1.3D.AND.H.GE.10-D).OR.(X.GT-2.D.AND-.HGE.I.D).OR.(X-GT. 1960 3
15.D.AND.H.GE..ID)) GO TO 499 1970 3.

300 DO 333 I = 1,100 1980
BAYCI) O.OD 1990

333 DR(I) = O.OD 2000
303 IF CM *EO. 0) 305, 306 2010 4
305 DNEG (1) = DLIST (1) 2020

GO TO 307 2030 44
306 N = 2 - 2*M + IX 2040

CALL USN (N, M, UN) 2050
N = -2*M + IX 2060
CALL VSN (No Mt H, CLv VN) 2070 4
RATIO (1) = - UN/VN 2080
IT = 0 2090 4
DO 308 1 = 2, 409 2 2100 4
ITD2 = I - 2*M + IX 2110 4
IF (ITD2) 3099 3109 310 2120

309 N = ITD2 + 2 2130 4'
CALL USN (No Mt UN) 2140
N = ITD2 2150
CALL VSN (No M, H, CL9 VN) 2160 4:
N = IT02 - 2 2170
CALL WSN (Ns Mt WN) 2180 4:
IT = 112 2190

308 RATIO ( IT+l) = - UN/(WN*RATIO(IT)+VN) 2200 4
310 IAR = IT + 1 2210

DNFREE = DLIST(I) 2220
DO 311 1 = It IAR 2230
J = TAR + I - 1 2240
DNEG (J) = RATIO (J) * DNFREE 2250 4'

311 DNFREE = DNEG (J) 2260
307 ISI = 4 + M + M 2270

DRFREE = O.D 2280
1K = IX 2290

I
i
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DO 319 K IS1, 140. 2
t J =i 140 IK

N =2 - J
IY = I + (J-1)/2
CALL USN (No Mt UN)
N = -J
CALL VSN (Ns Mt Hs CL VN)
N = -J -2
CALL WSN (Ns Me WN)
DRRATIO (IY) = -UN/(WN*DRFREE + VN)
DRFREE = DRRATIO (IY)

319 IK IK + 2
N = -2*M -2 + IX
CALL VSN (N. Mt Ht CLt VN)
N = -2*M -4 + IX
CALL WSN (No Mt WN)
IA = IY - I
DRRATIO(IA) = 1.D/((M+M+1-IX-IX)*(M+M-I-IX-IX)*(WN*DRRATIO(IY)+
IVN))
IF (IX*EOQ1) DRRATIOCIA) = -DRRATIOtIA)
DNEGF = DNEG (1)
IAA = O
0D 320 I = IA, 70

IAA = IAA + I
DR (IAA) = DRRATIO (I) * DNEGF
DNEGF DR (IAA)
IF (DABS(DNEGF).LE.I.D-290) 323,320

320 CONTINUE
323 SAIL 3 Z * (Z + 2*D)

SAIL4 = DSORT (SAIL3)
IF (M.NE.0) GO TO 401
DO 407 1 = I 141

407 SHIP7 (1) = SHIP5 (I)/SAIL4
GO TO 411

401 CALL CALNO (Mg Z% SHIPI)
IMI = M + I
CALL CALNOQIMI*Z*SHIP2)
DO 403 1 = 1 M

403 SHIP3(t) = (SAIL4*SHIP2(1+i) + EM*X*SHIPI(I))/SAIL3
DO 410 1 = 1 141

410 SHIP9(1) = -EM*X*SHIP4(1)/SAIL3 + SHIP8(1)*(I+EM-IoD)*(I-EM)/SA
411 DO 414 1 = 1. 141
414 SHIP12(l) = (SAIL4*SHIPII(I) + EM*X*SHIPlO(I))/SAIL3

DO 415 1 = le M
415 SILAND (1) = SHIPI (1)

IMI = M + 1
DO 416 1 = it 141

416 SILAND(I+M) = SHIP4(f)
DO 417 1 = 1t M

417 BAY (I) = DNEG (I)
DO 418 1 = 1 70

418 BAY(I+M) = DLIST(I)
IS16 = IX - I
SAIL18 = OD
IB = I

IFJ = 20
471 DO 422 1 = IB.IFJ

11 = I
IS16 = IS16 + 2

IL4
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422 SAIL 18 = BAY(I)*SILAND(IS16) + SAIL18 2890
I = I1 2900
IF (DABS(BAY(I)*SILAND(1516)/SAIL18).LT.I*D-26) GO TO 470 2910
IB =I + 1 2920
IFJ = IFJ + 5 2930
GO TO 471 2940

470 SAIL19 = O.D 2950
1S20 = 0 2960
IMI = M + 2 - IX 2970
IFJ = 40 2980

474 DO 426 1 = IMI1 IFJo 2 2990
II = 1 3000
1S20 = 1S20 + 1 3010

426 SAILi9 = SHIPIO(t)*DR(1S20) + SAIL19 3020
1 = II 3030

IF (DABS(SHIPIO(I)*DR(1S20)/SAIL19).LT.1.D-26) GO TO 473 3040
IFJ = IFJ + 10 3050
IMI = 11 + 2 3060
GO TO 474 3070

473 SAIL22 = SAIL18 + SAIL 19 3080
DO 427 1 = It M 3090

427 SHORE (1) = SHIP3 (1) 3100
IMI = M + 1 3110
IF (M *EQ. 0) 428, 430 3120

428 DO 429 1 = It 141 3130
429 SHORE (I+M) = SHIP7 (1) 3140

GO TO 440 3150
430 DO 431 1 = I 141 3160
431 SHORE (I+M) = SHIP9 (1) 3170
440 IS16 = IX - 1 3180

SAIL181 =. 0D 3190
IB 1 3200
IFJ = 20 3210

475 DO 435 1 = IB*IFJ 3220
11 = 1 3230

IS16 = IS16 + 2 3240
435 SAIL181 = BAY(I)*SHORECIS16) + SAIL181 3250

I = 11 3260
IF (DABS(BAY(I)*SHORE(IS16)/SAIL181).LT.l.D-26) GO TO 476 3270
1= I + 1 3280
IFJ = IFJ + 5 3290
GO TO 475 3300

476 IS21 = 0 3310
SAIL191 = O.D 3320
IMI = M + 2 - IX 3330
IFJ = 40 3340

478 DO 439 1 = IMIs IFJt 2 3350
11 = 1 3360
1S21 = IS21 +1 3370

439 SAIL191 = DRCIS21)*SHIP12(l) + SAIL191 3380
I = 11 3390
IF (DABS(DR(1S21)*SHIP12(1)/SAIL191).LT.I.D-26) GO TO 477 3400
IFJ = IFJ + 10 3410
IMI = 11 + 2 3420
GO TO 478 3430

477 SAIL23 = SAIL181 + SAIL191 3440
CFAC = FACT(M+M+1)*FACT(L+M+1+IX)*DNEG(I)/(H**(M-I-IX)*FACT(L-M+I) 3450
1*(M+M-I)*FACT(M+I)) 3460
IF (IX.EQO.) 70,71 3470

I I
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70 DNUM = FACT(M+M+I)XFACT(M+I)*DLIST(l) 3480
DO 717 J = 1i48 3490

717 DNUM FACT(J+J+M+M+1)/(4.D**J*FACTCJ+i)*FACT(J+M+1))*DLIST(J+i) 3500
1-DNUM 3510
CFAC = CFAC/DNUM 3520
IF (2*(IW6/2).NEeIW6) CFAC = -CFAC 3530
GO TO 72 3540

71 DNUM = FACT(M+M+2)/FACT(M+I)*DLIST(l) 3550
DO 718 J = It48 3560

718 DNUM = FACT(J+J+M+M+3)/(2.D**(J+J+1)*FACT(J+i)*FACT(J+M+2))*DLIST( 3570
lJ+l) - DNUM 3580
CFAC -CFAC/(DNUM*(M+M-3)*(L+M+I)) 3590
IF (2*(1W6/2).NEoIW6) CFAC = -CFAC 3600

72 R2 = SAIL22/CFAC 3610
R2D = SAIL23/CFAC 3620
IF ((X.LE.1.05D.OR.X.GT.1.3D)AND-H.GTo.iD) GO TO 599 3630
RR2 = R2 3640
RR2D = P2D 3650

* 499 PLI = FACT(L-M+l)/FACT(L+M+I) 3660
PL3 = (Z + 2.0) * Z 3670
X1SO X*X 3680
PL4 = PLl*DSORT((PL3/XISQ)**M) 3690
XTH = X*H 3700
NYMN 2*1BLIM + M 3710
IF (LRK*EO*I) GO TO 63 3720
DO 550 1 = 1,300 3730

550 ARRAY(I) = 9OD 3740
ARRAY(I) = -DCOS(XTH)/XTH*I.D-150 3750
ARRAY(2) = ARRAY(I)/XTH-DSIN(XTH)/XTH*1.D-15O 3760
DO 62 K = IoNYMN 3770
ARRAY(K+2) = (K+K+I.D)*ARRAY(K+l)/XTH-ARRAY(K) 3780
IF (DABS(ARRAY(K+2)).GTe.-D300) GO TO 63 3790

62 CONTINUE 3800
63 IA = I + IX 3810

IC = 41 + IX 3820
SUBSUM = O.D 3830

503 DO 505 K = IA. ICd 2 3840
KK = K 3850
IBOX3 = IABS(K+M-L-1)/2 3860
PL8 = 1.D 3870
KPK = K+M+M-I 3880
DO 700 J = KKPK 3890

700 PL8 = PL8*J 3900
BOOK(K) = DLAST((K+1)/2)*PL8*ARRAY(K+M) 3910
IF (2*(IBOX3/2)oNE.1BOX3) BOOK(K) = -BOOK(K) 3920
SUBSUM = BOOK (K) + SUBSUM 3930

505 CONTINUE 3940
K = KK 3950
IF (DABS(BOOK(K)/SUBSUM).GEl.-D-26) 506,507 3960

506 IA = IC +2 3970
IC = IC + 10 3980
GO To 503 3990

507 R2 = PL4 * SUBSUM 4000
PLi7 = PL3/XISQ 4010
IF (M EQ. 0) 5089 509 4020

508 PL12 = H 4030
PLIB = OD 4040
GO To 513 4050

509 PLi8 = DSQRT(PLI7**(M-2))*EM/(X*XISQ) 4060

I
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PL12 = H*DSORT(PL17**M) 4070
513 IBB = I + IX 4080 A(

ID = 41 + IX 4090 =
SSUMI = OoD 4100

517 DO 522 K = IBB1 ID* 2 4110
KK = K 4120
IBOX3 = IABS(K+M-L-1)/2 4130 61
PL8 = InD 4140
KPK = K+M+M-1 4150
DO 701 J = KtKPK 4160 61

701 PL8 = PLS*J 4170
IF (2*(1B0X3/2)oNE.IBOX3) PL8 = -PL8 4180
IF ((K+M-I)*EOQO) 5189519 4190

518 PAPER(K) = -DLAST((K+1)/2)*PL8*ARRAY(2) 4200
GO TO 521 4210

519 PL13 = K + ; -1 4220 70
520 PAPER(K) = (PL13*ARRAY(K+M-1)-(PL13+1*D)*ARRAY(K+M+1))/(2.D*PL13 4230

I+1.D)*DLAST((K+I)/2)*PL8 4240
521 SSUMI = PAPER (K) + SSUMI 4250 61
522 CONTINUE 4260

K = KK 4270 61
IF (DABS(PAPER(K)/SSUMI).GE.I.D-26) 523,524 4280 62

523 IBB = ID + 2 4290
ID ID + 10 4300 62
GO TO 517 4310 62

524 R2D = PLI*(PL12*SSUMI + SUBSUM*PL18) 4320
- GO TO 597 4330

599 PLI = FACT(L-M+I)XFACT(L+M+I) 4340 62
PL3 = (Z + 2.D) * Z 4350
X1SO = X*X 4360
PL4 = PLI*DSQRT((PL3/XISQ)**M) 4370 62
XTH = X*H 4380

597 DO 598 1 = 19300 4390
BOOK (1) = O.D 4400

598 PAPER (1) = O*D 4410
IF (LPK.EO*I) GO TO 460 4420
CALL SBESFIXTH* BRPAY) 4430

460 IA = 1 + IX 4440
IC = 41 + IX 4450
SUBSUM = O.D 4460

603 DO 605 K = IA, IC, 2 4470
KK = K 4480
IBOX3 = IABS(K+M-L-I)/2 4490
PL8 1.D 4500 6
KPK = K+M+M-I 4510 5'
DO 702 J = K*KPK 4520

702 PL8 = PL8*J 4530
BOOK(K) = DLIST((K+1)/2)*PL8*BRRAY(K+M) 4540
IF (2*(1BOX3/2).NE.IBOX3) BOOK(K) = -BOOK(K) 4550
SUBSUM = BOOK (K) + SUBSUM 4560

605 CONTINUE 4570
K = KK 4580
IF (DABS(BOOK(K)/SUBSUM)-GE.1ID-26) 6069607 4590

606 IA = IC + 2 4600
IC = IC + 10 4610
GO TO 603 4620

607 RI = PL4*SUBSUM 4630
PL17 = PL3/XIS0 4640
IF (M *EQO 0) 608, 609 4650
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608 PL12 = H 4660
PLI8 = OD 4670
GO TO 613 4680

609 PLi8 = DSORT(PL17**(M-2))*EM/(X*XISO) 4690
PLI2 = H*DSORT(PL17**M) 4700

613 IBB = I + IX 4710
ID = 41 + IX 4720

j ~~SSUMI = O.D 4730
617 DO 622 K = IBB. ID9 2 4740

| ~~KK = K 4750
IBOX3 = IABS(K+M-L-I)/2 4760
PL8 = 1.0 4770
KPK = K+M+M-I 4780
DO 703 J = KKPK 4790

703 PL8 = PL8*J 4800
IF (2*(18OX3/2)*NEoIBOX3) PL8 = -PL8 4810
IF ((K+M-I)oEO*O) 618t619 4820

618 PAPER(K) = -DLIST((K+I)/2)*PLB*BRRAY(2) 4830
GO TO 621 4840

619 PL13 = K+M-I 4850
620 PAPER(K) = (PL13*BRRAY(K+M-I)-(PL13+1.D)*BRRAY(K+M+1))/(2*D*PLI3 4860

I+IoD)*DLIST((K+I)/2)*PL8 4870
621 SSUMI = PAPER (K) + SSUMI 4880
622 CONTINUE 4890

K = KK 4900
IF (DABS(PAPER(K)/SSUMI)*GE.I.D-26) 6239624 4910

623 IBB ID + 2 4920
ID = 10 + 10 4930
GO TO 617 4940

624 RID = PLI*(PL12*SSUMI + SUBSUM*PL18) 4950
TWRON = 1.D/(H*Z*(Z+2*D)) 4960
CWRON = R1*R2D - RID*R2 4970
IAC = -DLOGIO(DABS((TWRON-CWRON)/TWRON) + InD-26) 4980
IF (IACoLT*0) lAC = 0 4990
IF ((XeLE.105D*OR.X.GT.1.3D).AND.H.GT*..D) GO TO 55 5000
CWRON = RI*RR2D - RID*RR2 5010
IBC = -DLOGIO(DABS((TWRON-CWRON)/TWRON) + 1.D-26) 5020
IF (IACoGE*IBC) GO TO 55 5030
R2 = RR2 5040
R2D RR2D 5050
IAC = IBC 5060

55 PRINT 60, L*RItRIODR29R2D*CL9IAC 5070
60 FORMAT (XI3tIX5D25*17915) 5080
59 LRK = 1 5090
2 LCK = 1 5100
1 LDK = 1 5110
STOp 5120
END 5130
SUBROUTINE CALCPO(M9LNoXX*P*O) 5140
DIMENSION P(150)*QCI50)9AP(25o150) 5150
COMMON/BLK1/FACT(300) 5160
TYPE DOUBLE PtVYli StXD2MDJDMDNtFACTtTERMtSUMCWRONDKtZZZ, 5170
IXAHAL.ALBE.XYVCOEFGAtREALJtREALJHOQFIRST9 HM, XZ9TWRONtB9 5180
2XX.RCdIRC2.RC3,RC4,PCdIPC2,PC3,PC4tAPFACTR1IFACTR2,FACTR3 5190
INITIAL=O 5200
NN=O 5210

16 X=XX+I-D 5220
KAPPA=O 5230
IF(X.GT. 1.0010) KAPPA=M 5240
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DO 65 MN=KAPPAM 5250
*DM = MN 5260
D2M=2*D**DM 5270
Z=XX**(DM/2.OD) 5280
ZZ=(X+ID)**(DM/2*OD) 5290
Y=Z*ZZ 5300
DO 65 N=NNLN 5310
IF (MN.GT.N) 30935 5320

30 AP(MN+IN+I) = O.OD 5330
GO To 65 5340

35 DN = N 5350
NLESSM=N-MN 5360
TERM = FACT(N+MN+I)/FACT(N-MN+I)/(FACT(MN+1)*D2M) 5370
SUM = TERM 5380
DO 40 J = IoNLESSM 5390
DJ = J 5400
TERM = TERM*(DN+DM+DJ)*XX*(DN-DM-DJ+I)/(DJ*(DM+DJ)*2.D) 5410
SUM = SUM + TERM 5420

40 IF (DABS(TERM/SUM)oLT-ioD-30) GO TO 45 5430
45 AP(MN+I*N+I)=Y*SUM 5440
65 P(N+I) = AP(MN+ItN+I) 5450

IF (X*GT. IOOID) 300950 5460
50 FIRST= 0.5D * DLOG( (XX+2.OD)/XX) 5470

MONE=M+I 5480
DO 145 N=NNLN 5490
DN = N 5500
Q(N+1) = FIRST*P(N+I) 5510
IF(N.EQ.O) GO T070 5520
SUM=O.D 5530
KRAP=(N-I)/2 5540
DO 60 J=INITIALKRAP 5550
RJ=J 5560
DJ=DBLE(RJ) 5570
S=((2.D*DN-4.D*DJ-I.D)/(( (I.D) +2.D*DJ)*(DN-DJ)))*P(N-2*J) 5580

60 SUM=SUM+S 5590
Q(N+I) = O(N+I)-SUM 5600

70 DO 140 J=2*MONE 5610
RJ=J-1 5620
REALJ=DBLECRJ) 5630
REALJH= REALJ/2.OD 5640
Y= (XX**REALJ-((X+I.D)**REALJ))/(((XX*(X+I*O))**REALJH) *2.OD) 5650
S=FACT(M+1)/(REALJ *FACT(M-J+2)) 5660
TERM=Y*S*AP(M-J+2.N+I) 5670
IF (2*(J/2)oNE*J) TERM = -TERM 5680

140 0(N+I) = O(N+I) + TERM 5690
145 CONTINUE 5700

GO TO 350 5710
300 EPS=I.OE-30 5720 i

XY=XX*(XX+2.OD) 5730
DM=M 5740
XZ=IOD0/X+DSORT(XY)) 5750
Z=XZ*XZ 5760
HM=DM/2.0D 5770
XA=XY**HM 5780
DO 340 N=NNoLN 5790
DN = N 5800
AL=DN+DM+I.OD 5810
BE=DM+0.50 5820
GA=DN+1.5D 5830

1; I
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HAL=AL/2.OD 5840
SUM=I.OD 5850
TERM=I.OD 5860
K=O 5870

330 K=K+I 5880
DK = K-1 5890
IF(KoGT*2500)GO TO 335 5900

331 TERM=TERM*(AL+DK)*(BE+DK)*Z/(K*(GA+DK)) 5910
SUM=SUM+TERM 5920
EPC=TERM/SUM 5930
IF(EPC-EPS)335,335,330 5940

335 IF(M+N *GE.131) 4IOs420 5950
410 FACTRI=2.D**(AL+DN)*(FACT(N+M+I)*ID_300) 5960

GO TO 425 5970
420 FACTRI=2iOD**(AL+DN)*FACT(N+M+l) 5980
425 FACTR2= (Z**HAL)*XA 5990

FACTR3 = FACTRI*FACTR2 6000
COEF=FACTR3*(FACT(N+I)/FACT(2*N+2)) 6010
IFtN.LT.85) GO TO 1338 6020
IF ( M+N.LT.I31) COEF=COEF*(I.D-300) 6030

1338 JM=M/2 6040
IF(2*JM*EO*M) 340,338 6050

338 COEF=-I*D*COEF 6060
340 0(N+I) = COEF*SUM 6070
350 END 6080

SUBROUTINE USN(NMS) 6090
TYPE DOUBLE S.A 6100
A = N+M+M 6110
S = A*(A-I.D)/((N+A+I.D)*(N+A-I*D)) 6120
END 6130
SUBROUTINE VSN(NtMoHoCL*S) 6140
TYPE DOUBLE HICLqStA 6150
A = N+M 6160
S = (2.D*A*(A+I.D)-2*M*M-I.D)/((2.D*A+3.D)*(2.D*A-I.D)) 6170
1+(A*(A+I.D)-CL)/(H*H) 6180
END 6190
SUBROUTINE WSN(N*MqS) 6200
TYPE DOUBLE S 6210
5 = (N+2.D)*(N+I.D)/((N+N+M+M+3.D)*(N+N+M+M+I.D)) 6220
END 6230
SUBROUT I NE SBESFCXH RAY) 6240
DIMENSION RAY(250) 6250
TYPE DOUBLE CP.FACT.RAY.SUM.TERM.TK.TM.XH.XI.Z2H 6260
COMMON /BLKI/FACT(300) 6270L= 6280

1 IF (XH.GE..4D) GO TO 4 6290
Z2H=XH*XH/2.D 6300DO 3 N = L.140 6310
TM=FACT(N+I)*(XH +XH)**N/FACT(N+N+2) 6320
IF(N.GT.84) TM=TM*I&D-300 6330
IF(TM.EO.O.D) GO TO 8 6340
SUM=I.D 6350
TERM = I-D 6360
DO 2 1=1-50 6370
XI=I*(N+N+1+1I) 6380
TERM=-TERM*Z2H/XI 6390
SUM = SUM + TERM 6400

2 IF(DABS(TERM/SUM).LT.1ID-26) GO TO 3 6410
3 RAY(N+I) =TM*SUM 6420
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RETURN 6430
4 N = 17Q 6440

IF(XHoLT1iOO.D) GO TO 20 6450
RAYV()=DSIN(XH)/XH 6460
RAY(2)=(RAY(l)-DCOS(XH))/XH 6470
NMI=N-I 6480
DO 11 K = 1-p38 6490

11 RAY(K+2)=(K+K+i)*RAY(K+i)/XH-RAY(K) 6500
RETURN 6510

20 IF (XH*GT*IOOD) N = 200 6520
RAY(N+I) = ID-200 6530
RAY(N+2)=O.D 6540
I = -N 6550
M = -1 6560
DO 5 KK=I*M 6570
K = -KK 6580
TK=K+K+l 6590

5 RAY(K)=TK*RAY(K+1)/XH-RAY(K+2) 6600
CP=DSIN(XH)/(XH*RAY(l)) 6610
IF(DSIN(XH)*LT*l.D-2) CP=(DSIN(XH)/XH-DCOS(XH))/(XH*RAYV2)) 6615
DO 6 L=1t140 6620

6 RAY(L)=CP*RAY(L) 6630
8 DO 9 J=N139 6640
9 RAY(J+I)=O.D 6650

DO 12 1 = 14!250 6660
12 RAY(I) = OD 6670

END 6680
SUBROUTINE CALNO(IY*ZBtO) 6690
TYPE DOUBLE ZB*O*AdCVoPtFACT*XI 6700
COMMON/BLKI/FACT(300) 6710
DIMENSION CV( 100) PC100), 0(100) 6720
XI = ZB + I1D 6730
IYI = IY + 1 6740
A = DSORT((ZB+2.D)*ZB) 6750
P(l) = -I.D/A 6760
DO 5 1 = hIY 6770
CV(1+1) = -FACT(I+I-1)*Xl*(A/2-D)**(I-1)/(FACT(I)*A)-(1+1-2)* 6780
ICV(1)/A 6790

5P(1+1) = ((I+I-1)*P(I)+XI*CV(I+I))*P(I) 6800
NT = 2-IY-IY 6810
0(1) = CV(IYI) 6820
0(2) = P(IY) 6830
DO 6 1 = ItIYI 6840
IF (IABS(NT)*LE*IY) GO TO 7 6850
.(1+2) = ((I+I+I-IY-IY)*XI*0U1+1)-I*Q(I))/NT 6860

6 NT = NT + 1 6870
7 END 6880
SUBROUTINE EIGEN(AeVALUsNeNBL) 6890
DIMENSION A(1OOIOO),VALU(100)tDIAG(100)oQ(lOO),VALL(100) 6900
ANORM = Ai191)*A(lel) + A(2o2)*A(292) 6910
DO 6 1 = 39N 6920

6 ANORM = ANORM + ACII)*ACII)+ 2*A(I-2I1)*A(I-2,1) 6930
ANORM = SORTF(ANORM) 6940
NN=N-2 6950
DO 160 1=1NN 6960
11=1+2 6970
DO 160 J=11.N 6980
Ti=A(ItI+1) 6990
T2=A(I*J) 7000

I I
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IF (T2*EQ*0o) GO TO 160
T=1 /SORT(Tl*Th+T2*T2)
SIN=T2*T
COS=TI*T
DO 105 K=i.N
T2=COS*A(KoI+l)+SIN*A(KJ)
A(K*J)=COS*A(K*J)-SIN*A(KoI+l)

105 ACKI+1)=T2
DO 125 K=1IN
T2=COS*A(I+IK)+SIN*A(J*K)
A(JoK)=COS*A(J*K)-SIN*A(1+1,K)

125 A(1+1iK)=T2
160 CONTINUE

D0151=1 N
DIAG(I)=A( 1.)0( ) =A £II-i )*A (II-i)
VALL(1)=O.

15 VALUI = ANORM
1=1

18 TAU=(VALL(I)+VALU(I))/2*
MATCH=O
TO = O0
Ti = 1*
D020J= IN
T2=(DIAG(J)-TAU)*TI-Q(J)*TO
IF (ABS(T2)oLT.I*El30) GO TO 26
T2 = T2*1.E-200
Tl = Th*I.E-200

26 IF((TI.NEo.0).AND.o(T2*Tl).LE.0.)) MAT
TO=TI

20 Tl=T2
DO 25 K = I. MATCH

25 VALU(K) = TAU
NATCH = MATCH + I
DO 30 K = NATCH, NBL

30 IF CVALL(K).LT.TAU) VALL(K) = TAU
40 IF ((VALU(I)-VALL(lI))/VALUCI).GT*l*E-7)

1=1+1
IFUI.LE*NBL) GO TO 40
END

ZH=MATCH+I

GO TO 18
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Appendix C

VALUES OF ACC FOR SOME PARAMETERS

X = 1.00000001

H = 1

23
23
23
19
16
13
10

8

H= 10

21
24
23
20
17

14
11

8

X = 1.2

H=1

24
23
22
22
22
19
18
17

M = 0

H = 20

18
19
23
23
18
15
11

9

H = 40

11
11
17
21
23
21
18
13

M = 0

H = 10

23
22
23
23
21
20
18
19

X = 500

H = 1

24
24
24
24
24
24
24
22

H= 20

17
19
22
21
23
21
19
19

M = 0

H = 10

21
22
24
24
24
24
24
24

H = 20

17
20
23
24
24
24
24
24

H = 40

8
12
17
20
22
19
20
19

H = 40

9
12
17
22
24
24
24
24

H = 60

0
4
8

14
16
14
12
10

H= 60

3
11
15
19
22
22
18

H = 60

0
4
8

15
20
23
26
24
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13. ABSTRACT

The solutions Vi = R (6) 3S(7) ¢(wp) of the Helmholtz wave equation (V2 + k2 ) P (e, 77 ) = 0
in prolate spheroidal coordinates , 7 ,p can be obtained by separation of variables. The sub-
ject of this report is a Fortran computer program called PRAD which calculates numerical
values to the solutions of the resulting ordinary differential equation for the "radial" coordi-
nate A. The printed output of PRAD consists of radial functions of the first and second types
R(), ( 2 )(he), their first derivatives d(R(1 ), (2) (h,e))/de, the separation constants or
eigenvalues A M,2 (Ih), and an accuracy check.

This report describes the computer program PRAD and briefly reviews the theory of
prolate spheroidal wave functions. A computer 'listing of PRAD along with some sample out-
put is included in an appendix.
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